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MATHEMATICS SPECIALIST 2 CALCULATOR-FREE

Section One: Calculator-free 35% (47 Marks)

Question 1 (3 marks)

The complex number z=rcis@ = 3+bi, where tanf = J2 . Determine the exact values for r
and b.

Solution
Given z =rcis@ where tanf=~2 .. 2:\/5 ie. b=32
rP=3+b
P=9+(32) =949(2) . =27
ie. r=27=33

Specific behaviours

v’ states b= 3\/5

v’ states r :\/ﬁ or 3x/§

v" justifies the determination of both 5 and r
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Question 2 (5 marks)

The graph of y = f'(x) is shown below.

J ()
3

-3 -2 -1 1 2 3
-1+
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-3 4
(a)  State the domain for g(x)=//(x)—1. Justify your answer. (3 marks)

Solution

For y=./f(x)—1 to be defined we require f(x)—1>0.

ie. f(x)=1 Thisoccurs when x=-1, 0<x<3.

Specific behaviours

v’ states x=-1
v’ states 0<x<3

v justifies by referring to the requirement that f"(x)>1
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Question 2 (continued)

1

CALCULATOR-FREE

(b)  State the range for function /(x)= . (2 marks)
/()
Solution
1
Consider the sketch of /(x)= .
S (x)
h
N (x)
i 37
2 4
l :/O
—t— ——t—t X
3 2 -l 12 3
v SV
) 1
SR, ={ylys-l, yZE}
Specific behaviours
v’ states y<-1
v’ states y 2%
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Question 3

MATHEMATICS SPECIALIST

(4 marks)

1
Using the substitution u =1— x, evaluate exactly the definite integral Ile\/I —xdx.
0

Solution
Let u=1-x .. ﬂz—l i.e. dx=—-du
dx
x 1
u 1

j15x\/§dx 15(1 =) xJu x(~du)

1

—15(1—u)u5du

1 3
IS{u2 —uzjdu

1

Il
Ct— . —m o ~— O

3 5
2 2
_ 15 2u _2u _ 15(2_ E]
3 5 3 5
0
= 15><i
15

Specific behaviours

changes the limits correctly

anti-differentiates correctly
evaluates correctly

AN NN

uses the substitution to express the integrand correctly in terms of u
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Question 4 (6 marks)
b 5x+3
(a) Given that a + > = X >, determine the values for a and b. (2 marks)
x+1 (x+1) (x+1)
Solution
a_ b B a(x+1)+b B ax+(a+b)
x+1 ()chl)2 (x+1)2 (x+1)2
Equating coefficients: a+b=3
a=>5
b=-2
Solving gives a=5, b=-2
Specific behaviours
v forms the equivalence of numerators correctly
v" solves for a, b correctly
5x+3
(b) Hence determine _[ X > dx. (4 marks)
(x+1)
Solution
2
J' 5x+32 b = 5 _d
(x+1) x+1 (x+1)

= Shnjx+1| + 2 i
x+1
Specific behaviours

v" re-writes the integrand correctly in terms of the partial fractions
v"anti-differentiates the (x+ 1)_l term correctly using the absolute value of a natural

logarithm
anti-differentiates the 2(x+1)72 term correctly
v uses a constant of integration

<\
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Question 5 (5 marks)
_ (x+a)(x—b) _
The graph of function f(x) :ﬁ is shown below. The constants a,b and ¢ are
X—C
positive.
y
A
e 4

(a) Determine the values for a, b and c. Justify your answer for c. (3 marks)
Solution
The x intercepts are x=-1, x=5 Soa=1, b=5
Vertical asymptoteis x=3 .. c¢=3

Specific behaviours
v' states the value for a and b correctly
v' states the value for ¢ correctly
v" provides justification for the value of ¢

The inclined asymptote for the graph of y = f(x) is shown.

(b) Determine the equation for the inclined asymptote. (2 marks)
Solution
B (x+1)(x—5) X —4x-5 (x—l)(x—3) 8
f(x) = = = S - S ()
Z(x 3) Z(x 3) 2(x 3) 2(x 3)
_ox—1 3 4
2 (x—3)

x—1 . x-1. L

Hence as x| >  f(x) o e y=——s the inclined asymptote.
Specific behaviours

v re-writes function £ (x) in terms of partial fractions or equivalent to statement (1)
v' states the equation for the inclined asymptote correctly
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Question 6

(a)

CALCULATOR-FREE

(6 marks)
Solve the system of equations: (3 marks)
x+y+z=4
X—y—z=2
2x-3y+z=11I.
Solution
Consider (1)+(2) .. 2x=6 coox=3

Using x =3 (1): y+z=1

=2

Hence the solutionis x=3

y=-1
z=2

Specific behaviours

v"eliminates a variable correctly using an appropriate technique
v" solves correctly for the first variable
v' solves correctly for the second and third variables
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The third equation in part (a) on page 8 is changed to 2x—ky+z =11 where k is a real
constant. The first two equations remain unchanged.

Ryan decided to solve this changed system of equations and obtained correctly the statement
(k + 1) y=—4.

(b)

(c)

Determine the value of the constant £ so that the changed system of equations does
not have a unique solution. (1 mark)
Solution

(k +1)y=—4
Hence, for there to be no unique solution we require £ +1=0
ie. k=-1

Specific behaviours

v' states that £k =—-1

For the value of & determined from part (b), state the geometric interpretation of the
solution of the three simultaneous equations. (2 marks)

Solution

For k =—1 there is NO solution to the simultaneous equations.

Since the planes represented by the equations are NOT parallel, then the geometric
significance is that the non-parallel planes have no intersection.

i.e. the planes in pairs intersect in lines, but that these lines do not intersect.

Specific behaviours
v' states that there is no intersection
v' states that the planes are not parallel OR states the planes in pairs intersect in

parallel lines
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Question 7 (5 marks)
Consider the quartic polynomial R(z)=z*—-6z'+17z* -22z+14 and P(z)=z"-2z+2 where

R(z)zP(z)(z2 +az+b).

(@)  Show that (z—1-i) is a factor of P(z). (2 marks)

Solution

P(1+i) = (1+i)2—2(1+i)+2
= 2i-2-2i+2 = 0 S P(1+i)=0
Hence (z—1-i) is a factor of P(z).
Specific behaviours
v substitutes z =1+ correctly into P(z)

v"expands correctly to show that P(l +i) =0

(b)  Solve the equation R(z)=0. (3 marks)

Solution
z=1-i is also a root of P(z) and R(z).
R(Z)=Z4—623+17Zz—222+14=(22—2Z+2)(22+aZ+b)
2b=14 ie. b=7

—6z3zzz(az)—2z(zz) ie. a=-4
Solve R(z):(zz—2z+2)(22—4z+7)=0
L z=1%i and (2% -4z+7)=0

(z-2) +3=0

oz=2% \/gi
Specific behaviours
v’ states that z=1+i and z=1-i are solutions

v determines that « =—4 and b=7 or (22 —4z+7) is a factor of R(z)

v solves the equation z* +ax+b =0 correctly
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Question 8 (13 marks)

The statement cos (%} = % can be written as % = cos’ (%j where cos™ represents the

inverse cosine function.

The graph of y = f(x) = 4 cos™' [—gj for -2 <x <2 is shown below.
r

A
4 LALS
3 4
y=r"x)
l 4
— —t> X
4 3 2 3 4
31
41
(a)  Explainwhy y=f""(x) exists. (1 mark)
Solution

Function f(x) is one-to-one over its domain.

Specific behaviours
v states that function f(x) is one-to-one

(b)  Determine the defining rule for y = /™' (x). (2 marks)

Solution

7 (x)==2 cos(%)

Specific behaviours

v' interchanges x, y to form the inverse relation

v' determines the correct defining rule for /™' (x)
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Question 8 (continued)

(c)  Sketch the graph of y = /~'(x) on the axes on page 12. (2 marks)

Solution

Shown on page 11

Specific behaviours
v indicates a curve that is a reflection of y = f'(x) about the line y =x

v indicates the points (0,-2),(2,0),(4,2)

(d) If y = i cos ™' [—f} using implicit differentiation, show that d—y = L
T 2 dx T 4_x2

(5 marks)

Solution

4
Hence — = —x—x =
T

We have that sin (ﬂy}rcos (zy] =

f / x
sm 1—cos? —
2
dy B 2 3 2 B 4
dx nsin(”j) . /l_xi2 RS aN4—x
4 4

Specific behaviours
writes an equivalent form of y = f'(x)in terms of x = g(y)correctly

differentiates the left-hand side correctly
implicitly differentiates the right-hand side using the chain rule correctly

d
determines the expression for d_y in terms of y correctly

X

N N NN

2
v"uses the Pythagorean condition to express sin (%) as 1—(—£j
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The graph of y =

- is shown below for 0 <x < 2.
4-x

y

1
The shaded region is bounded by the curve y = \/_2 , the line y =1 and the y axis.
4-x

(e) Determine the exact area of the shaded region.

(3 marks)
Solution
4 4
From part (d) we have that a4 —cos”' (_fj -
YA 2 a4 -x’

Hence I

! dx = cos™ (—fj + k
V4—x 2

Line y =1 intersects the curve when 1=

4-x’

3 1 X "
Area = J(l - de = [)c—cos1 (——ﬂ
0 4—x2 2’

I
VR
oy
[
(@]
o
U)‘
|
N |§‘
N—
N—
|
—~
(@]
|
(@]
o
(IJ‘
—
(e}
N—
N—

= \/g - % $Q. units

Specific behaviours
forms the correct expression for the area as a definite integral
determines the correct anti-derivative using part (d)
obtains the exact area correctly

AN
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